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Abstract 
 

Response Surface Methodology has been widely used to 

solve robust parameter problems that include control 
variables such as quantity of material, temperature, 

pressure, time, etc. and noise variables difficult or 

impossible to control such as humidity, room 

temperature, etc. The noise variables included in the 

problems so far have been quantitative. However, these 

noise variables could be qualitative: type of machine, 

operator, type of supplier, etc. The article proposes a 

response surface methodology when there is a qualitative 

noise factor. The first steps of the investigation are 

explained in detail: construction of the general regression 

model, assumptions of the model, design of the steps of 

the methodology, simulations using the methodology and 

the solution of a case with one quantitative control 

variable and one qualitative noise variable, in addition to 

results that demonstrate the effectiveness of the 

methodology. 

 
Response Surface, Qualitative Noise Variables, Dual 

Response Surface Methodology 

 

 

 

Resumen  
 

La Metodología de Superficie de Respuesta ha sido 

ampliamente utilizada para resolver problemas de 
parámetros robustos que incluyan variables de control 

como cantidad de material, temperatura, presión, tiempo 

etc. y variables de ruido difíciles o imposibles de 

controlar como humedad, temperatura ambiente, etc. Las 

variables de ruido incluidas en los problemas hasta ahora 

han sido cuantitativas. Sin embargo, éstas podrían llegar 

a ser cualitativas: tipo de máquina, operador, tipo de 

proveedor, etc.  El presente artículo plantea una 

metodología de superficie de respuesta cuando se tiene 

un factor de ruido cualitativo. Se explica de manera 

detallada los primeros pasos de la investigación: 

construcción del modelo general de regresión, supuestos 

del modelo, diseño de los pasos de la metodología , 

simulaciones empleando la metodología y la solución de 

un caso con una variable de control cuantitativa y una 

variable de ruido cualitativa, además de resultados que 

demuestran la efectividad de la metodología.. 

 

Superficie de Respuesta, Variables de Ruido 

Cualitativas, Metodología de Superficie de Respuesta 

Dua 
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Introduction 

 

The response surface methodology is a set of 

statistical and mathematical techniques used in 

the analysis and modeling of problems in which 

a study variable is affected by other variables.  

 

The origins of the response surface 

methodology (MSR) refer to the work of Box 

and Wilson (1951), but it has been during the 

last 20 years that this methodology has 

achieved considerable development, both in 

theoretical aspects and in applications in 

scenarios real.  

 

Myers and Montgomery (2009) 

establish that the MSR provides well-

established statistical techniques that can be 

used to implement the robust parameter design 

proposed by Taguchi (1986) and overcome its 

limitations.  

 

The main objective of robust design is 

to find the optimal level of the controllable 

factors in a process or product in order that 

noise or non-controllable factors do not affect 

the process. Nowadays, statistical applications 

for process optimization are a useful tool used 

by most companies to optimize the average of 

their processes and decrease the variability.  

 

Previously, problems of robust factors 

have been solved using the response surface 

method with quantitative noise factors, however 

there is no record of solved problems where the 

noise factors are qualitative.  

 

The ultimate goal of the MSR is to 

determine the optimum operating conditions of 

the system or to determine a region of the factor 

space in which the operating requirements are 

met (Montgomery, 2005). 

 

To perform the response analysis, many 

authors have proposed the use of separate 

models to measure the mean and variance. This 

method, introduced by Myers and Carter 

(1973), it is called a dual response surface 

where the mean can be optimized and 

simultaneously minimizing the variance as 

shown in figure 1. 

 

 

 

 

 

 
 
Figure 1 Graphic de contornos y de superficie de 

respuesta 

Source: Minitab  

 

Considering the second-degree response 

surface model that includes a control factor (x) 

and one of qualitative noise (z) results in 

equation 1. 

 

             
               (1) 

 

Where the betas represent the regression 

coefficients of the effects of the control factor, 

the deltas represent the coefficients of the noise 

factor and the interaction between the control 

factor and the noise and the epsilon the random 

error of the model.  

 

The noise factor is a random variable 

whose probability distribution, its expected 

value and its variance are not usually known. 

Applying the operator of the expected value and 

the variance, we obtain equations 2 and 3. 

 

                
                       (2) 

 

                         (3) 

 

Since the expected value and the 

variance of the noise variable z are not known, 

they have to be estimated from a representative 

sample of their possible values.  

 

The main objective of the research 

presented in this article is to develop a 

methodology that allows to optimize the mean 

and the variance simultaneously using the dual 

response surface method in problems with 

robust parameters that contain qualitative noise 

factors. 
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Development  

 

The steps that will be followed to define the 

dual response surface methodology with 

qualitative noise variables (MSRDVC) are: 

 

1. Define models of the response whose 

optimal solution can be known 

analytically. 

 

2. Use the models to simulate the response 

in the experimental runs according to an 

appropriate experimental design. 

 

3. Identify the probability distribution of 

qualitative noise variables. 

 

4. Obtain the solution that simultaneously 

optimizes the mean and the variance. 

 

5. Compare the solution obtained with the 

MSRDVC methodology with the 

solution obtained analytically to verify 

the effectiveness of the MSRDVC 

methodology. 

 

6. Validate the MSRDVC methodology in 

a real case. 

 

Methodology  

 

A case was analyzed that includes a quantitative 

control variable and a qualitative noise variable. 

The general model that was used is shown in 

equation 4 to describe the behavior of the 

response whose mean or expected value has a 

maximum of 15 at x = 1 as can be seen in figure 

2 graphically using Matlab® software. 

 

                          (4) 

 

These values of beta, delta and epsilon 

of the model that represent the coefficients of 

the control factor and noise respectively as well 

as the estimator of the random error of the 

model are obtained analytically by formulating 

an equation that contains a maximum or a 

minimum to be able to use it with function of 

test, and will change when this methodology is 

used in other cases that will be simulated in the 

future of the investigation.  

 

 

 

 

 

 

 
 
Figure 2 Test Model for Case 1 

Source: Own MathCad software 

 

Table 2 shows the modified composite 

central design (DCCM) of the simulation of the 

response for each corresponding experimental 

run. Its three parts are the factorial 22, the 

respective: axial points of the control factor and 

five central points. To simulate the response, a 

random number is generated using Excel® 

software in order to generate a normally 

distributed random variable with zero mean and 

a standard deviation of 10% of the optimal 

average response. This value of 10% was 

established considering that most of the random 

variation of the response is due to the noise 

factor. Therefore, the error must be relatively 

small. In such a way that the answer y was 

generated using equation 6 and adding the 

simulated random error. Table 1 also shows the 

mean and standard deviation calculated for the 

random error. 

 

 
 
Table 1 Composite Central Design to Simulate the 

Response 

X Z
Random 

number

Standardized 

Variable

Random 

Error
Y

-1 -1 0,93646 1,525715869 2,288574 7,2885738

1 -1 0,00291 -2,75779884 -4,1367 10,8633017

-1 1 0,510875 0,027262206 0,040893 -14,9591067

1 1 0,21197 -0,79960604 -1,19941 13,8005909

-1,41421 0 0,924493 1,435956139 2,153934 -11,9881154

1,41421 0 0,428414 -0,18041399 -0,27062 13,8715294

0 0 0,185245 -0,89555573 -1,34334 8,65666405

0 0 0,829078 0,950529528 1,425794 11,4257943

0 0 0,519708 0,049421135 0,074132 10,0741317

0 0 0,809583 0,876359828 1,31454 11,3145397

0 0 0,540677 0,102138419 0,153208 10,1532076

CCM design
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After obtaining by means of the 

simulation the answer corresponding to each 

experimental run of the experimental DCCM 

design, the response is introduced in the 

Minitab® software to obtain a linear regression 

model. We proceed to generate using Minitab® 

the linear regression model that fits the data 

obtained from the response. Then, from this 

general model, the response surfaces are 

obtained for both the mean and the variance. 

The graphic of the response surface of the mean 

was already shown in figure 2 and the graphic 

of the response surface of the variance is shown 

in figure 3. In this case, since there is only one 

control variable, these graphics instead of being 

surface they are linear graphics, the variance 

has its minimum at x = 1 with a value of 2.25. 

 

 
 
Figure 3 Graphic of variance 

Source: Own MathCad software 

 

The next step is to identify the 

distribution to which the data of the noise 

factors best fit, for our case it was assumed that 

the behavior of the noise factor would be a 

discrete uniform probability distribution. For 

this, the simulation of the noise factors was 

carried out using the Monte Carlo simulation 

method and thus be able to generate the levels 

of the factor and be able to calculate the mean 

and variance of the qualitative noise factor and 

be able to have complete the mathematical 

model proposed. Figure 4 shows the table 

where the simulation of the values that 

represent the noise factor levels using Excel® 

software was shown.  

 

In the first part we can observe the 

simulation of the noise factor generating a 

random number between 0 and 1 and then 

assign three possible different levels for the 

factor, level -1 if the number is between 0 and 

.33, level 0 if it is between 0.34 and .66 and 

finally level 1 if it is between .67 and 1.  

It also includes a summary of the mean, 

standard deviation and variance of the noise 

factor. 

 

 
 
Figure 4 Simulation of the Qualitative Noise Factor 

Source: Own Excel software 

 

Results 

 

Once the general model has been obtained in 

the Minitab® software and the mean and 

variance of the noise factor, Matlab® 

mathematical software is used to optimize the 

first and second degree models obtained when 

doing the dual response surface analysis where 

the equation of the mean and the variance in its 

general form is shown in equation 5 and 6 

respectively. 

 

                              (5) 

 

                        (6)

      

In addition it is important to calculate 

the simultaneous criterion and the optimal ideal 

weight, the simultaneous criterion allows to 

optimize together the mean and variance in the 

model for each of the fifteen simulations and at 

the end of the totals, the equation of this 

simultaneous criterion is shown in the equation 

7. Also an example of one of the fifteen 

equations is shown in equation 8 for the mean 

and in equation 9 for the variance. 

 

                                      (7) 

 

                                    (8) 

 

                                    (9) 

 

The results of the first simulation with a 

control factor and a qualitative noise factor with 

a behavior of a uniform distribution are shown 

in table 2, where the results of 15 simulation 

runs are shown.  
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The first two columns include the mean 

of the noise factor E (z) and simulated variance 

V (z) and in the rest the maximum value of the 

mean and the minimum value of the variance 

are shown when optimized independently.  

 

 
 
Table 2 Summary of Simulation Results 

 

The proximity of the results of the 

simulation with the best known response is 

verified, in order to validate its functionality, 

the known average response for the first 

simulation model was 15, if we compare the 

value of 15.1060 the total percentage error 

would be .7%, added to an average variance of 

2.29 that is realit a low value and compared to 

the minimum value of the variance that is 2.25 

is 1.23%. This would result in the fact that if 15 

were the average length of a cable, the 

qualitative noise factor z could be estimated and 

the response optimized, being very close to the 

ideal response. 

 

Conclusions 

 

As can be seen in the summary table of results 

on average, all the results were close enough to 

the optimal response, which shows results very 

close to the optimal value of the average of 15 

and an average variance of 2.29.  

 

Regarding the results observed in this 

first simulation using the proposed 

methodology, encouraging results are observed 

and in the future, different cases will be 

simulated with the purpose of verifying that the 

methodology resolves different cases that may 

arise in the practice of the processes industrial.  

 

 

 

 

 

 

 

 

References 

 

Box y Wilson (1951) Introducción a la 

Metodología de Superficie de Respuesta, la 

revista de la Royal Statistical Society 

 

Box, G.E.P. (1988) “Signal-to-Noise Ratios, 

Performance Criteria and Transformations”. 

Technometrics, 30, 1. 

 

Box y Hunter (1957), Diseños experimentales 

Multi-Factor para explorar     superficies de 

respuesta, la revista de la Royal Statistical 

Society. 

 

Cristancho Cesar A. y F. Oscar O. Melo M. 

(2005) Optimización de sistemas de respuesta 

dual. Una aproximación compromiso Dual 

Response SystemsOptimization. A 

CompromiseApproach, Journal pp. 155. 

 

Cuesta (2006) Centro de Ingeniería de la 

Calidad; Universidad ICESI Cali Colombia 

 

Myers R. y Montgomery D. (2009), Response 

Surface Methodology, New York 

 

Myers R. y Montgomery D. (1995), Response 

Surface Methodology, New York 

 

Myers R. Y Carter (1973), Response Surface 

Techniques for dual response 

 

Montgomery D.  (2005), Diseño y análisis de 

experimentos. Editorial Limusa 2da Ed. pp 1 

 

Taguchi, G. (1986) Introduction to Quality 

Engineering: Designing Quality into Products 

and Processes. Asian Productivity 

Organization, Tokyo. 

 

 

 

 

 

 

z Vz E(max) V(min) max simultaneous opt weight
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0,13 0,7405 15,537 2,414 15,536 1/1500
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Abstract 
 

A heat transformer is proposed in the literature by 

Colorado [3], with the aim of being in the desalination 

process. However, in that study, the heat transfer area of 
the main components in the system has not been 

calculated. The present investigation provides the 

proposal to calculate the area of each pieces of equipment 

to obtain the total transfer area and contributes the 

construction of the entire system. A lithium bromide 

solution and water are proposed as an absorbent and as a 

refrigerant, respectively for the system. A heat 

transformer is estimated based on calculations of energy 

analysis: coefficient of performance of 0.4049, the heat 

load in the evaporator is 2 kW and the heat load of the 

generator is 1.37105 kW. Four heat exchangers assuming 

the tubes and shell design are proposed in this research. 

The surface required for each heat exchanger to transfer 

those heat loads is calculated through a logarithmic 

temperature difference method using an appropriate 

global heat transfer, incrustation factors and local heat 

transfer, according to the proposal of Jain and Sachdeva 
[9]. 

 

Absorption, Design, Heat exchanger 

 

 

 

 

Resumen  

 

Un transformador de calor es propuesto en la literatura 

por Colorado [3], con la finalidad de ser implementado 

en etapas de precalentamiento en procesos de 

desalinización. Sin embargo, en dicho estudio, no se ha 

calculado el área de transferencia de calor de los 

principales componentes del sistema. El objetivo de la 

presente investigación propone calcular el área de cada 

componente que conforma el transformador de calor para 

obtener el área de transferencia total y contribuir a la 

futura construcción del sistema. Una solución de bromuro 
de litio como absorbente, y agua como el componente 

refrigerante son propuestas para el sistema. Basado en los 

cálculos del análisis energético se dimensiona un 

transformador de calor considerando: Coeficiente de 

desempeño de 0.4049, potencia en el evaporador de 2 kW 

y potencia en el generador de 1.3715 kW. Para el cálculo 

del área son propuestos cuatro intercambiadores de calor 

de tipo tubo y coraza. La superficie requerida para que 

cada intercambiador de calor transfiera dichas cargas de 

calor es calculada mediante un método que utiliza un 

coeficiente global de transferencia de calor apropiado, 

factores de incrustación y coeficientes de transferencia de 

calor locales de acuerdo con la propuesta de Jain y 

Sachdeva [9]. 

 

Absorción, Diseño, Intercambiador de calor 
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Introduction 

 

The present investigation is dedicated to the 

calculation of the convective coefficients and 

the total transfer area of a heat transformer by 

vapor absorption of simple effect, which will 

allow to obtain the preliminary design of the 

equipment and thus contribute to its future 

construction. 

 

Thermal pollution is a consequence of 

the modification of bodies of water in a harmful 

way. Currently various industries emit waste 

heat to the environment and if that heat is not 

recovered immediately, it can cause local 

thermal pollution. On the other hand, most of 

the energy produced by various appliances and 

large industrial processes is wasted in the form 

of heat, normally that heat has a temperature 

lower than 100 ° C and is known as "low 

quality waste heat". One of the benefits of heat 

recovery has been to decrease energy costs per 

product by reducing the amount of fuel needed 

to generate heat and size requirements. The 

largest amount of waste heat is generated by 

different industries, usually by the food and 

tobacco industry, paper, basic metals, chemical 

industry and non-metallic minerals. "Some low-

temperature processes may not be useful 

sources directly from industrial waste heat, 

however, the heat may be improved" [2].  

 

To take advantage of this industrial 

waste heat there are different technologies 

available such as: Rankine cycle machines that 

work by the principle of heat recovery whose 

disparity lies in the use of an organic and 

specific working fluid in substitution of water, 

compression pumps of steam and the heat 

transformer by steam absorption. 

 

 The system with which we work has a 

great purpose which is the recovery and 

improvement of residual heat; and several 

advantages are known in comparison with the 

other technologies, for example, being able to 

work with sources of residual heat including 

renewable sources, requires less electric power 

compared to a heat pump by vapor compression 

and has a longer useful life, affirm Smölen and 

Budnik [14]. 

 

There is a lot of information about the 

equipment in question in the open literature, a 

clear example is the advanced exergy analysis 

applied to a single-effect steam absorption heat 

transformer proposed by Colorado [3].  

In this work the energy analysis, 

classical exergy and advanced exergy is 

performed starting from a power of 2kW in the 

evaporator and obtaining a coefficient of 

performance of 0.4049, all this provides the 

flow diagram of the process, basic physical 

processes and the efficiency of the system , 

however, in the work of Colorado [3] some 

aspects such as:  

 

 The area of heat transfer for each 

component. 

 Its dimension 

 Geometry 

 Type of exchangers. 

 Construction materials.  

 

The present investigation allows to 

know these characteristics when calculating the 

heat transfer area of each of the main 

components and finally find the global transfer 

area necessary for the system and thus 

contribute to a future construction. We start 

from the balance of matter and energy, the 

operating conditions are considered to carry out 

the methodology for the calculation of the 

convective coefficients and the transfer area. 

Finally, the results that indicate the 

configurations of each team were tabulated. The 

four main components of the transformer are 

proposed as shell and tube heat exchangers. 

Considering with base in the fluids with which 

it works, that the material of its elaboration is 

the copper; two fluids are required: the 

absorbent and the refrigerant, and for the 

calculation of the area of each component the 

fouling factors are known following the 

suggestion of Jain [9]. 

 

Description of the system 

 

Figure 1 outlines how the process is carried out. 

The single-effect heat transformer consists of 

an evaporator, an absorber, a generator and a 

condenser, as main elements. The residual heat 

possibly coming from a renewable source is 

added to the evaporator and the generator. In 

the evaporator, water vapor is generated and 

directed to the absorber. In the generator, the 

LiBr-water solution is placed at a lower 

concentration of absorbent, which is heated 

causing the refrigerant to evaporate. The 

absorbent solution is concentrated and sent to 

the absorber. In the absorber, the water vapor is 

brought into contact, causing the solution to be 

diluted, absorbing the vapors of the refrigerant 

and generating an exothermic reaction.  
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For this proposal, the heat obtained in 

the absorber is used for possible desalination 

applications. In the absorption-desorption 

circuit, carried out in the absorber and 

generator, a solution heat exchanger is placed in 

order to take advantage of the sensible heat 

transfer. In the generator, the refrigerant vapor 

flows from the generator to the condenser, 

passing to the liquid state, the pressure level is 

increased through a pump and continues to the 

evaporator. It is at this point where the cycle 

begins again. As it is possible to observe, the 

mass transfer only occurs in the absorber and 

generator, and the refrigerant flows on the 

external side of the tubes. For the calculation of 

the convective coefficients and the area of 

transfer, the present work assumes the 

hypotheses raised by Colorado [3]. 

 

The following are emphasized: 

 

 Pressure drops in all components are 

neglected 

 The solution left by the generator and 

the absorber is in saturation conditions, 

plus the refrigerant that comes out of the 

condenser and the evaporator. 

 

 
 
Figure 1 System diagram 

Source: Own elaboration 

 

Methodology 

 

For the design of each of the components of the 

previously described cycle, the thermo-physical 

properties of the water and the lithium bromide 

solution are: density, specific heat, thermal 

conductivity and viscosity were calculated from 

various correlations proposed by Pátek and 

Klomfar [11], XSteam [8] and, Sharqawy and 

others [13].  

 

The thermal conductivity of the 

construction material is fixed according to 

Holman [7]. For this work the geometry of 

"tube and shell" was selected for the main 

components. This type of design is commonly 

used in the industrial sector and because of the 

nature of the fluids.  

 

The sizing parameters were tabulated 

following the recommendations of TEMA 

(Tubular Exchanger Manufacturers 

Association). The calculation of the area of 

each one of the components of the system is 

done by means of "the integrated form of the 

Fourier equation for the stable state" [10]: 

 

 ̇                                                    (1) 

 

In this equation the LMTD refers to the 

logarithmic average temperature difference (for 

its acronym in English) and is obtained as 

shown below: 

 

      
   

     
 

  
   

 

   
 

                                         (2) 

 

The overall heat transfer coefficient is 

obtained based on the outer surface of the 

tubes: 

 

   
 

(
  
  

)(
 

  
) (

  
  

)   (
  
  

)  
  
  

    
 

  

               (3) 

 

For the calculation of the total area 

(ATOTAL) the following equation is used: 

 

                                      (4) 

 

Where the subscripts: Ev refers to the 

evaporator, Co to the condenser, Ab to the 

absorber and Ge to the generator. 

 

For purposes of comparison and 

analysis of results, this paper proposes:  

 

 ̇                                                       (5) 

 

Calculating the overall coefficient as 

shown below: 

 

    
 

  
                                                           (6) 
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In the case of the calculation of the film 

coefficients on the side of the tubes as for the 

shell side, specific equations were found for 

each team, taking as reference a series of data 

provided by Jain and Sachdeva [9], and which 

are shown in Table 1: 

 

Component Di Do L N. 

Steps 

Fi Fo 

Evaporator 13.84 15.87 6.096 4 0.09 0.09 

Absorber 13.84 15.87 6.096 4 0.09 0.09 

Generator 13.84 15.87 6.096 6 0.09 0.09 

Condenser 13.84 15.87 6.096 6 0.09 0.09 

 
Table 1 Parameters of geometrical sizing and fouling 

factors of heat exchangers 

Source: (Jain & Sachdeva, 2017) 

  

Where Di and Do are the internal and 

external diameters in millimeters, respectively, 

L is the length of the tube in meters, Fi and Fo 

are the internal and external fouling coefficients 

(
    

  
 . The solution of equations (1-3) taking as 

reference the Q powers of each component, the 

average logarithmic temperature differences, 

the internal film coefficients (side of the tubes) 

and the side of the shell, provide us with the 

area of heat transfer A.  

 

To find the overall coefficient of each 

component (equation 3) it is necessary to 

calculate the convective coefficients. 

Concerning the convectives inside the tubes, 

single-phase, the first thing to be carried out is 

the Reynolds number calculation, since, 

knowing the fluid regime, it is possible to 

decide which equation to use for the following 

parameters. 

 

   
   

 
                                                        (7) 

 

The number of Prandtl is calculated, 

making it possible to obtain the number of 

Nusselt with equation 8, under certain 

conditions: Pr > 0.5
 
y 3000 < Re < 5x10

6
.  

 

   
  

 
         [

  

      (
  

 
)
   

(  
 
   )

]

 

                   
(8) 

 

Finally, and counting on all the previous 

variables, the local internal convection 

coefficient is determined, according to 

Gnielinski [5]: 

 

   
   

  
                                                        (9) 

 

The measurement of the outer film 

coefficient differs for each of the components. 

Next, the different equations for the calculation 

of this coefficient are shown, being classified 

by the type of component. 

 

1 Evaporator 

 

For the shell side it is important to know the 

saturation temperature and the wall 

temperature. The saturation temperature in this 

case is the temperature at which the refrigerant 

vapor exits, while the wall or surface 

temperature was found by an iterative method 

in which the assumption of the ho is necessary.  

 

The iterative method concludes when 

the assumed value of the coefficient is equal to 

that calculated in accordance with equation (10) 

proposed by Rohsenow, Hartnett and Cho [12]. 

 

            

     [
        

 
]
   

[
            

          
]
 

                   (10) 

 

2 Condenser 

 

Something similar to the evaporator occurs in 

the condenser, but in an inverse manner. Once 

the internal film coefficient is found, the next 

thing is to know the saturation temperature in 

the component.  

 

As the equation necessary for the 

coefficient to be calculated is a function of the 

saturation temperature and the surface 

temperature, an iterative method very similar to 

that of the evaporator is used, the differences 

are the equations with which the temperature is 

calculated of surface in the condenser and the 

film coefficient according to equations (11) and 

(12) that is provided by Holman [7]. 

 

      
           

      
                                    (11) 

 

        [
            

    

            
]
    

                  (12) 
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3 Generator 

 

The coefficient in this element is a function of 

the mass flow per unit length of wet tube of the 

solution and is represented by the Greek letter Γ 

according to equation (13), which is a 

correlation product of the combination of the 

developed one by Bakhtiari [1] and the results 

of Wang [15].  

 

                                                      (13) 

 

4 Absorber 

 

The representative equation for this component 

is based on the viscosity and density of the 

solution, it is a particular equation for 

horizontal tube heat exchangers [6]. 

 

       [

 

 

    
]

    

                                   (14) 

 

For all the above, Ts refers to the 

saturation temperature, Ta is the average 

temperature of the fluid and can be replaced, if 

necessary, by the heat temperature of the fluids. 

The properties that contain the subscript "l" are 

referred to the fluid in the liquid state. 

 

Having found each of the film 

coefficients on both sides of the exchangers, the 

next step is the calculation of the global 

coefficient of heat transfer with equation (3). 

Knowing the average logarithmic difference, 

the power exchanged and the global coefficient 

of heat transfer, it is possible to calculate the 

area of the Fourier equation for each exchanger, 

and finally add the areas of the evaporator, 

generator, condenser and absorber to obtain the 

total transfer area. 

 

Results 

 

Table 2 and Table 3 summarize the calculations 

obtained with the application of the 

methodology proposed by Jain and Sachdeva 

[9], and applied to the Colorado design for a 

heat transformer.  

 

 

 

 

 

 

 

 

Exchanger T [°C] Convective 

coefficients 

 Ti To ho hi 

Evaporator 29.02 65 0.0103 12.7389 

generator 56.43 64 1228.5373 8.8439 

Absorber 64.96 97.1 725.172 1.0431 

Condenser 65 29 18.3884 15.0062 

 
Table 2 Heat transfer coefficients of each component of 

the transformer 

Source: Own elaboration 

 
Exchanger Heat transfer 

coefficients 

Areas 

 U U* A A* 

Evaporator 0.0103 12.7389 15.213  1.9961 

Generator 3.0621 0.1131 0.0864 2.3388 

Absorber 0.7712 0.9587 0.1651 0.1328 

Condenser 3.0595 0.0666 0.0417 1.9158 

Total   15.5062 6.3835 

 
Table 3 Global heat transfer coefficients and areas by 
component and totals 

Source: Own elaboration 

 

Table 3 presents the different global 

heat transfer coefficients and their respective 

areas, where the heat transfer area (A *) is 

calculated from the coefficient U *, and the 

other area is calculated with the Jain 

methodology [9]. The global heat transfer 

coefficients have the units of (
  

    
), therefore, 

the calculated heat transfer areas are in m
2
. 

According to the literature, the convective 

coefficients of a biphasic flow, evaporation and 

condensation, are larger than those determined 

for a single phase flow.  

 

This is not observed in all our 

calculations, since there are higher convective 

coefficients on the shell side, with the exception 

of the evaporator.  

 

When the values of the area of heat 

transfer (A) are compared with the area (A *) 

calculated with the global coefficient of 

different methodology (U *), it is possible to 

realize that there are true differences between 

the values. An A * = 6.383m
2
 and an area were 

obtained A = 15.5062m
2
. 

 

Conclusions  
 

This study presents the calculation of the total 

heat transfer area of a single-effect transformer, 

from the calculation of the convective 

coefficients, the global heat transfer coefficient 

and the average logarithmic temperature 

difference of each element of the system. 
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The total heat transfer area of the 

calculated heat transformer is 15.5062 m2. We 

observe that the greatest influence in the 

calculation of transfer area is due to the heat 

transfer coefficients where evaporation or mass 

transfer occurs.   

 

Consequently, the occupied correlations 

have certain limits of application, mainly in the 

mass flow, proposed by Colorado [3] do not 

comply with these ranges. Therefore, a search 

for appropriate convective coefficients for the 

system is necessary. 
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Abstract 
 

A PID control structure was modified proposed by K. 

Ogata. It is proposed a structure Nonlinear PID control, 

implemented using analogical electronics. A 

mathematical model was obtained using conventional 

methods. It was proved the validity of the model obtained 

comparing against the response of the model proposed by 
K. Ogata. It was concluded that the proposed structure is 

stable. 

 

Modeling, Nonlinear control systems, PID 

 

 

Resumen  
 

Se modificó la estructura de control PID mostrada en la 

literatura por K. Ogata. Se hace la propuesta de una 

estructura de control PID de ganancia variable, 

implementada mediante electrónica analógica. Se obtuvo 

un modelo matemático utilizando métodos 

convencionales. Se comprobó la validez del modelo 
obtenido comparando contra la respuesta del modelo 

planteado por K. Ogata. Se concluyó que la estructura 

propuesta es estable. 

 

Modelado, Sistemas de Control no lineales, PID 
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Introduction 

 

This paper shows the mathematical model 

obtained for a variable gain PID control 

structure implemented by operational 

amplifiers. To achieve non-linear behavior in 

the controller, a N-channel JFET transistor was 

added to the input of the operational amplifier 

that executes a conventional PID control 

algorithm. In this case, it is required to control 

the internal temperature of an electric furnace 

that heats by means of 2 electrical resistors 

connected in series.  

 

This system has a high thermal time 

constant. The oven operates at 127 Volts, and 

consumes 6 Amps. We have been working with 

this type of modifications to conventional 

control algorithms with the aim of achieving a 

faster and more accurate control of temperature, 

for applications of heat treatment of 

metallographic samples. 

 

The modified PID controller considered 

in this paper is designed to increase its gain as 

the setpoint is adjusted to a larger value. The 

proposed Nonlinear PID Control has been 

experimentally tested successfully. The 

advantages of a PID control are preserved, with 

the novelty that the gain of the controller will 

be greater when the reference point is 

increased, reinforcing the control voltage level 

(Vcon), making the reference point of the 

variable reach more quickly than with the 

conventional version, and staying at the desired 

value. 

 

Methodology 

 

The PID control structure implemented by 

operational amplifiers shown in Figure 1 is the 

one originally proposed by K. Ogata in [1]. 

 

The author explains that the second AO 

works as a sign invertor and as a gain adjuster. 

 

 
 
Figure 1 PID structure proposed by K. Ogata 

Source: [1]. 

 

Taking the circuit of Figure 1 as a 

reference, the transfer function that results from 

its analysis is equation (1). 
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Equation (2) is the scheme to which this 

structure corresponds, O'Dywer calls it: "ideal 

PID controller" [2]. When the controller is 

expressed with the canonical transfer function 

of equation (2), Kp is called proportional gain, 

Ti integral time and Td derivative time [1]. 
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From equation (1), we obtain that the 

proportional gain Kp, the integral time Ti and 

the derivative time Td are: 
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The ideal PID control scheme can also 

be expressed through the canonical transfer 

function shown in (6), in this case, Kp is called 

proportional gain, Ki integral gain and Kd 

derivative gain [1]. 
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For this controller: 
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213

4

CRR

R
Ki 

      (8) 

 

3

124

R

CRR
Kd 

       (9) 

 

To obtain the gains of the structure 

originally proposed by K. Ogata, the 

commercial values determined in a previous 

work are used [3]. The circuit is shown in 

Figure 2. The gains result:  

 
21.56pK                           según  (7) 
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59.21276iK                      según  (8) 

 
4106.5  xKd                       según  (9) 

 

Substituting these values in (6) is 

written: 

 

s
ssE

sE

i

o  00056.0
59.21276

21.56
)(

)(             (10) 

 

 

 
 
Figure 2  Values determined after a fine tuning in the site 

for the PID structure proposed by K. Ogata. 

Source: [3]. 

 

Development 

 

The Normal PID circuit proposed by Ogata, is 

modified to make PID of Variable Gain 

depending on the reference point, with the 

feedback loop adjusted in the output of the 

conventional PID controller. For this, a JFET 

Transistor is added as shown in Figure 3. 

 

 
 
Figure 3 Nonlinear PID structure obtained by adding a 

JFET Transistor 

Source: Own Elaboration 

 

 

The idea is to adapt the electronic signal 

that represents the set point to excite the Gate 

terminal of the JFET transistor and make it 

work as a variable Source-Drain (RSD) resistor. 

The value of RSD will depend on the 

magnitude to which the desired reference point 

is adjusted and act to adjust the gain of the PID 

controller and make its behavior non-linear, 

similar to that presented in [4]. 

 

This voltage is first amplified in the AO 

configured as a non-inverting amplifier by 

multiplying it by 46.8, then in the AO 

configured as a subtracter, two operations are 

performed simultaneously, first subtracting 

from -12 volts and then divided by 4.54. In this 

way, depending on the value of the reference 

voltage, the output voltage of the AO 

configured as a subtracter will have a value 

between 0 to 0.7 volts positive with which the 

JFET transistor will behave as a variable 

resistance, approximately from 100Ω to 1000Ω. 

 

Continuing with the explanation of 

Figure 3, the voltage representing the error 

signal is entered into the Operational Amplifier 

where the normal PID control was configured; 

Then in the sign inversion stage, the resistance 

Rg is connected in series to the Source terminal 

of the JFET transistor, whereby the internal 

resistance RSD of 2N5457, is added in series 

with the resistance Rg. The above, together 

with the value of Rf is what will cause the gain 

of the controller to vary depending on the 

magnitude of the selected reference value. 

 

The commercial values shown in Figure 

3 were obtained experimentally, achieving a 

good performance in the required application. 

 

The equations describing the non-linear 

PID control shown in Figure 3 are established 

from the impedance method described by K. 

Ogata in [1]. 

 

Defining: 

 

                                  (11) 
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Simplifying 

 

    (      
 

     
 

         

    
)       (12) 
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Substituting V1 in V2 you have: 

 

    (      
 

     
 

         

    
)             (13) 

 

Analysis of the setpoint 

 

    (  
  

  
)                    (14) 

 

   
  

  
                         (15) 

 

Substituting V3 in V4 you have: 

 

   
  

  
[(  

  

  
)      ] 

 

        Por lo tanto 

 

   
  

  
[(  

  

  
)      ]                 (16) 

 

Analyzing the JFET 
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] 

 

          [
  

      
]                    (17) 

 

Substituting V2 in Vcontrol is obtained: 

 

          
  

        
[ (      

 

     

 
         

    
)        ]    

     

 

Simplifying and due to the effect of the 

sign inverter results: 

 

         
  

        
[(      

 

     
 

         

    
)]                         (18) 

 

Results 

 

In order to verify the validity of the 

mathematical model, it was decided to compare 

the stability analyzes of the model studied by K. 

Ogata in [1] against the modification proposed 

in this work. 

 

First the graphs for the model indicated 

by K. Ogata are obtained. To work with Matlab 

(10) is written: 

s

ss

sE

sE

i

o 59.2127621.5600056.0

)(

)( 2 
             (19) 

 

The function obtained from the model is 

improper, so it was decided to determine the 

stability by obtaining and analyzing the Bode 

diagrams. 

 

In Figure 4, the Bode traces of (19) 

obtained with the help of MatLab are shown, 

their analysis indicates that the structure is 

stable, since the phase curve does not even 

cross the -180 degrees. 

 

 
 
Figure 4 Traces of Bode for the original structure of K. 

Ogata 
Source: Own Elaboration 

 

On the other hand, for the proposed 

variable gain PID structure, it is considered an 

intermediate moment of the control process. 

The above given that the RSD gain is variable. 

Table I shows a correspondence of the values 

that RSD acquires as the setpoint changes. Note 

that as the reference value increases, the value 

of RSD decreases, this will cause that at higher 

setpoints, the gain of the controller is greater. 

Measurements were made on site and then the 

formula was applied: 

 

    
   

   
                        (20) 

 

TR (V) RSD (Ω)  

0.021 875 

0.0405 785.7143 

0.05 744.186 

0.0758 645.3382 

0.101 567.9443 

0.126 500 

0.1503 451.6129 

0.1756 417.3228 

0.2 406.25 

0.2508 395.3488 

 
Table 1 RSD values in different reference points  
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To obtain the transfer function it is 

enough to recognize that (VR-Vm) is the voltage 

that represents the error signal, and therefore it 

is the voltage signal that in this case is 

considered as the input.  

 

Now, if the reference point is set to 200 

°; according to Table I, a value for RSD of 

406.25 Ω can be assumed. Substituting this and 

the values shown in Figure 3, in (18), you can 

write: 

 
        

       
     (          

           

 
      ) 

 

Simplifying in MatLab you get: 

 
        

       
 

                         

 
       

 

It should be noted that for reasons of 

space the coefficients of (21) have been 

rounded, however, in the calculations in Matlab 

if the complete quantities were considered. 

 

In Figure 5 the Bode diagram for the 

case considered is shown. Analyzing the graph 

it is observed that the system is stable, since the 

phase curve does not even cross the axis of -180 

degrees. 

 

 
 
Figure 5 Traces of Bode for the non-linear PID structure 

of (21) 

Source: Own Elaboration 

 

On the other hand, Figure 6 shows the 

results of a test case with the reference value set 

at 200 ° C. It includes the response curve that 

an ideal controller would have, which was 

obtained by performing an empirical modeling 

of the on-site control system.  

 

 

This ideal model is adjusted to reach the 

set point at a time very close to that which 

would be in open loop, which would be very 

difficult to achieve without having a 

considerable overshoot, but it does provide an 

idea of how efficient the actual controllers are 

under study. Then, comparing the behavior of 

the conventional PID controller with the 

behavior of the proposed variable gain PID 

controller, it is verified that there is a slight 

improvement in the desired operation. 

 

 
 
Figure 6 Graph of results of real tests at 200 ° C 

Source: Own Elaboration 

 

Conclusions 

 

A mathematical model was obtained for a PID 

controller with gain adjustment implemented 

with Operational Amplifiers. The model 

provides an approximation of the real behavior 

of the proposed circuit and makes it possible to 

perform stability analysis, by which it was 

determined that the structure implemented is 

stable. 

 

The model will serve as a basis for 

future work, where it is intended to use the 

structure to control SISO systems that have 

long delay times or that exhibit non-linear 

behavior. 
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Abstract 

 

This paper describes and compares four of the most used 

statistical methods of the specialized literature for estimating 

Weibull parameters, the scale parameter c and the form 

factor k, which are widely used in wind energy applications 

for approximating the random distribution of wind speeds 

for a given location. The particular characteristic of this 

paperis   doing a comparative analysis to determine the 

statistical method that offers the highest precision, 

specifically, for several sites with high wind potential in the 

region of the Isthmus of Tehuantepec. To carry out this 

study, it is obtained, firstly, the annual wind measurements 

of three anemometric stations located in the municipalities 

of Ixtepec, Juchitan de Zaragoza and Santo Domingo 

Tehuantepec at the Oaxaca state. Next, a statistical analysis 

of the wind data in Matlab is made and the parameters c and 

k for the methods of Variance, Justus, Moments and Least 

Squares are determined. Finally, based on the percentage 

relative error criterion, a comparative analysis of the results 

obtained from each of the statistical methods studied is 

carried out and the most accurate method is determined for 

being used at the wind conditions of the Isthmus of 

Tehuantepec. 

 

Weibull distribution, Statistical methods, Wind energy 

 

 

Resumen  

 

En este artículo se describen y se comparan los cuatro 

métodos estadísticos más utilizados de la literatura 

especializada para la estimación de los parámetros de 

Weibull, el parámetro c y el factor forma k, los cuales se 

utilizan ampliamente en la energía eólica para aproximar la 

distribución aleatoria de las velocidades del viento para un 

emplazamiento determinado. La característica particular de 

este artículo es la de hacer un análisis comparativo para 

determinar el método estadístico que ofrece la mayor 

precisión para varios emplazamientos en la región del Istmo 

de Tehuantepec. Para llevar a cabo este estudio se 

obtuvieron, primeramente, las mediciones anuales del viento 

de tres estaciones anemométricas ubicadas en los municipios 

de Ixtepec, Juchitán de Zaragoza y Santo Domingo 

Tehuantepec del estado de Oaxaca. Posteriormente, se hace 

un análisis estadístico de los datos del viento en Matlab y se 

determinan los parámetros c y k para los métodos de 

Varianza, Justus, Momentos y Mínimos Cuadrados. 

Finalmente, con base al criterio del error relativo porcentual 

se realiza el análisis comparativo de los resultados obtenidos 

con cada uno de los métodos estadísticos estudiados y se 

determina el método más preciso para las condiciones de 

viento del istmo de Tehuantepec. 

 

Distribución de Weibull, Métodos estadísticos, Energía 

eólica
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Introduction 

 

In recent years, wind energy has positioned 

itself as one of the renewable energy sources 

with the highest growth in Mexico and in the 

world (GWEC, 2016). This is mainly due to the 

promotion of energy policies for the generation 

of electricity from clean energy sources, the 

deregulation of the electricity market, 

environmental objectives, incentives and 

technical maturity (Dennis et al., 2012; Wais, 

2017). During the year 2017, the installed 

capacity of wind energy in Mexico reached 

3,942.22 MW, representing 5.32% of all the 

installed generation capacity of the country and 

reported a growth of more than 20% over the 

previous year (Renewable Report, 2017). The 

annual production of energy in a wind farm 

depends on the average speed and standard 

deviation of the wind speeds, as well as the 

characteristics of the location. Therefore, for 

the development of a wind project it is 

necessary to make measurements of the wind 

resource in the selected site to obtain the annual 

distribution of average speeds and the 

predominant directions of the wind (Haiyan, 

2017). The complexity to characterize average 

wind speeds is due to the fact that it is an 

intermittent source of energy that is 

continuously changing during the day and 

season and even to some extent from year to 

year. However, wind variability can be 

accurately characterized in terms of a 

probability distribution function. Subsequently, 

with the results of the analysis of the wind 

resource it is possible to reliably determine the 

annual energy production, as well as the 

estimation of losses and uncertainties inherent 

to the wind variability. 

 

In the specialized literature it is 

mentioned that the Weibull distribution is the 

most appropriate and the most used to adjust 

the distributions of the average wind speed 

(Carta et al., 2009; Wais, 2017). However, it is 

important to note that the accuracy of the 

adjustment depends greatly on the estimation 

method and the type of location. In this article, 

the data of annual wind measurements of three 

anemometric stations located in the region of 

the Isthmus of Tehuantepec, Oaxaca are 

analyzed with the statistical methods of 

Variance, Justus, Moments and Least Squares 

to determine the energy potential of the wind 

through the Weibull parameters, the 

dimensionless parameter of scale c and the form 

factor k in m / s.  

Subsequently, the results obtained with 

the four statistical methods are compared 

graphically and analytically, taking 

Windographer commercial software as 

reference for comparison. Finally, the most 

precise method for the characteristics of the 

wind in the Isthmus of Tehuantepec region is 

determined. 

 

Description of the study sites 

 

The region of the Isthmus of Tehuantepec, 

Oaxaca, located southeast of the Mexican 

Republic, is the point of interest of this work, 

because it is an area of high potential in wind 

resource (Elliott et al., 2004). In this article the 

wind data are analyzed in three anemometric 

stations located in the municipalities of Ixtepec 

and Santo Domingo Tehuantepec, as well as in 

the town of La Venta belonging to the 

municipality of Juchitán de Zaragoza, as shown 

in Figure 1.  

 

Geographic coordinates and other 

relevant information such as elevation above 

sea level, the height of the measurement 

sensors, the start and end dates of 

measurements and the times between 

measurements for each of the three 

anemometric stations are described in Table 1. 

 
Data Ixtepec La Venta UNISTMO 

Latitude 
16° 34’ 

00’’ N 

94° 49’ 

04’’ N 

16° 17’’ 

93’’ N 

Length 
95° 06’ 

00’’ O 

16° 34’’ 

11’’O 

95° 14’ 93’’ 

O 

Elevation 

M.S.N.M. 
40.7 20 43 

Height of 
sensors (m) 

20 y 40 15 y 32 10 

Data to 

analyze 
52560 52560 451604 

Start of 

measurements 
01/01/2007 01/01/2016 01/01/2015 

Completion of 

measurements 
31/12/2007 31/12/2016 01/01/2016 

Time between 

measurements 

(min) 

10 10 1 

 
Table 1 General data of the stations 

Source: Self Made 
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Figure 1 Location of the three anemometric stations for 

the analysis of the wind resource 

Source: Google Earth Pro 

 

Figure 2 shows the wind atlas of the 

state of Oaxaca Mexico, where the 

characteristics of the wind and the distribution 

of the wind resource can be observed. In the 

wind atlas, prospective areas for the use of wind 

technologies can be identified for applications 

that include electricity generation on a 

commercial scale, energy for populations and 

off-grid wind energy.  

 

The region of the Isthmus of 

Tehuantepec is the region of the state of Oaxaca 

that concentrates an excellent wind resource 

with class 5 and / or higher classification, which 

is equivalent to a wind potential greater than 

500 W / m2 or average wind speeds greater 

than 7.3 m / s at a height of 50 m above sea 

level.  

 

The areas with the highest wind 

potential in the region of the Isthmus of 

Tehuantepec are class 7 and are located near the 

towns of La Ventosa, La Venta and La Mata. 

However, for the analysis of the wind resource 

should also consider the orography of the site in 

the presence of rugged terrain (Elliott et al. 

2004). 

 

 
 
Figure 2 Classification of wind power 

Source: Elliott et al. 2004 

 

Wind speed statistics 
 

The random nature of the wind speed can be 

described analytically by means of statistical 

methods. Next, some concepts of probability 

and statistics used for the characterization of the 

wind are described. 

 

A. Average wind speed 

 

This parameter represents the average wind 

speeds over a specific time interval. In the wind 

resource analysis, this parameter is used to 

quantify the wind potential at a given location. 

For the calculation of the average wind speed 

the following equation is used: 

 

     
 

 
∑  

 

   

                                                              

 

Where n is the size of the sample or the 

number of measured values, and, vi are the 

instantaneous wind speeds in m / s. 

 

B. Variance 

 

The variance is de fi ned as the quantification of 

the distances of the data with respect to the 

value of the mean, that is, it is the recording of 

the measurement data for the wind speeds with 

respect to a nominal velocity presented by the 

study site. , therefore, the following 

mathematical equation is implemented. 

 

     
 

   
∑       

 

   

                                        

 

Where n is the number of available data 

and, (vi-v)
2
 is the difference of the average 

speed and the speeds recorded in m / s. 

 

C. Standard deviation 

 

The standard deviation is a measure of 

dispersion of the burst velocities around the 

mean, and indicates that the standard error of 

the wind is with respect to the prevailing wind 

velocity at the site with respect to the square 

root of the velocity fl uctuations of the wind 

(Rocha et al., 2012). It is determined by 

extracting the square root from the variance, 

obtaining the following equation: 
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  √
 

   
∑       

 

   

                                           

 

Numerical methods for the calculation of 

Weibull parameters 

 

For the statistical calculation of the wind 

potential at a given location, knowledge of the 

distribution of wind speeds is required. To 

make this calculation it is necessary to have 

records of time series of wind speeds of at least 

one year. Such records are known as wind data. 

In the specialized literature, different models of 

distribution functions are described to adjust 

wind speeds over a period of time (Carta et al., 

2009; Conradsen et al., 1984; Haiyan J. et al., 

2017; Kaogaet al., 2014; Rocha et al., 2012; 

Saleh et al., 2012; Udoakahet al., 2017). 

However, the Weibull function of two 

parameters has been for many years the most 

widely accepted technique in wind energy 

applications (Wais, 2017). The Weibull 

distribution can be described as a function of 

wind probability density f (v) and a cumulative 

distribution function F (v), determined by the 

following equations: 

 

      
 

 
(
 

 
)
   

   [ (
 

 
)
 

]                        

 

          (
 

 
)
 

                                                  

 

Where c and k are the Weibull parameters 

and v is the wind speed in m / s. To estimate the 

Weibull parameters, the following four 

statistical methods are described. 

 

A. Method of Variance 

 

This method considers the values of average 

velocity in (1) and the standard deviation in (3) 

to obtain the coefficient of variation of the 

wind. (Carrillo et al., 2013) 

 

  (
 

 
)                                                            

 

From the calculation of the coefficient 

of variation of the wind (6) we proceed to 

determine the rank to which it belongs, 

according to the values shown in Table 2. 

 

 

 

No. Range of Variation I 

(%) 

Type of Variance 

1 0 < I  33 Low 

2 33 < I   66 Medium 

3 66  < I  100 High 

 
Table 2 Range of coefficient of variation 

Source: Carrillo et al., 2013 

 

Depending on the range of variation of 

I, one of the three equations shown below is 

used to determine the form factor k. 

 

Low range  

 

       (√ )                        

 

Middle range 

 

       (√ )                     

 

High rank 

 

       (√ )                         

 

Obtaining the form factor k, proceeds to 

obtain the scale factor c, through the following 

equation: 

 

      (      
     

 
)

 

 
                                        

 

B. Justus method 

 

Also called empirical method (Bagiorgas et al., 

2012), it is considered a special case of the 

Moments method, where the Weibull 

parameters are determined using the mean 

velocity v and the standard deviation σ: 

 

  (
 

 
)
      

                                              

 

To calculate the scale factor with this 

method, just like the Variance method, the 

expression (10) is used. 

 

C. Moments Method 

 

With this technique, the parameters k and c are 

determined by the following equations (Gautam 

& Gautamrao, 2015): 

 

  (
      

 
 

)
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   (
 

 (  
 
 
)
)                                                 

 

Where  is the Gamma function. 

 

D. Least Squares Method 

 

With the Least Squares method, we can find the 

Weibull cyka parameters from the linearization 

of the cumulative distribution function F (v) 

described in (5) to subsequently minimize the 

sum of the squared error between the linearized 

ideal curve and the points of current data 

provided by the distribution model (Kaplan, 

2017). As a first step of the method, equation 

(5) is linearized as follows 

 

  [   (       )]                                            (14) 

 

To get the shape of the equation of the 

straight line 

                                                                   

 

Where x and y are variables, a is the 

slope, and b is the intercept of the line on the y 

axis. In particular, 

 

     [    (       )]                      

                                             
 

From this equation are the following 

parameters  

 

   
∑       
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So a is equal to  

 

  
∑      ̅      ̅  
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    (18) 

 

In these equations  ̅ and  ̅ are the mean 

values of xi and yi, and w is the total number of 

available samples. The final results for the 

Weibull parameters are 

 

               
( 

 

 
)
                                     (19) 

 

 

 

To improve the approximation by the 

least squares method in the most common 

velocity range, a weight coefficient is redefined 

that depends on the function of the wind 

probability density to transform equation (19) 

into 

 

  
∑            ̅      ̅  

   

∑            ̅   
   

                            

 

This equation effectively multiplies each 

value of xi and yi by the probability that xi and 

yi will occur. In general, this approach 

guarantees a better fit than the unweighted form 

of equation (17) (Udoakah & Ikafia, 2017, 

Bagiorgaset al., 2011). 

 

Performance of energy conversion systems 

 

The available power of the wind that crosses 

the sweeping area of a wind turbine is given by 

 

      
 

 
                                                       

 

Where Pw(v) is the power associated 

with the wind speed v in m / s, A is the rotor 

area in m
2
 and  is the air density in kg / m

3
. 

The relationship between the mechanical power 

(Pmec) of the wind turbine input and the 

available power of the wind (Pw) is given by the 

power coefficient 

 

     
       

     
                                                       

 

It depends on the design of the blade, 

the angle of inclination and the relationship in 

the speed of the rotor and the wind speed. Its 

maximum theoretical value, known as the Betz 

limit, is 16/27  0.593. However, this value 

may not be achievable in a real wind turbine; 

Typically, its maximum value is approximately 

0.5.  

 

The energy potential of a site, expressed 

in W / m
2
, is obtained with 

 

     
 

 
 

 

 
       

 

 
 ∑       

 

 

   

                 

 

Where f(vi) is called the wind power 

density distribution and represents the 

probability that the average wind speed is in the 

range of vi0.5 m/s.  
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When considering the probability 

distribution function of Weibull, the average 

power density of the wind is given by 

 

 ̅     
  

 
 

 

 
   ̅  

 (  
 
 
)

        (  
 
 
)  

           

 

The annual energy production at speed 

vi is the power in the wind multiplied by the 

fraction of time multiplied by the number of 

hours in the year. If vme is the wind speed that 

produces the greatest amount of energy 

compared to any other wind speed. Therefore, 

the maximum energy obtained for any wind 

speed is 

 

     
 

 
      

                                   

 

where 

     (
   

 
)
   

                                               

 

For the design of wind turbines it must 

be considered that the speed with the maximum 

energy content is included in its best operating 

range of wind speeds. Some applications 

require that the turbine be designed at a 

nominal wind speed equal to the maximum 

energy wind speed. 

 

1. Analysis of the results 
First, to perform the comparative study of the 

four statistical methods; Variance, Justus, 

Moments and Least Squares, we obtained the 

annual measurements of the wind data of three 

anemometric stations located in the city of 

Ixtepec, La Venta and the Campus of the 

Universidad del Istmo and belonging to the 

municipalities of Ixtepec, Juchitán de Zaragoza 

and Santo Domingo Tehuantepec, respectively.  

 

The information regarding each of the 

anemometric stations is described in Table 1. 

The wind statistics are summarized in Table 3. 

In this table it can be seen that the measurement 

site with the highest wind potential and with the 

highest turbulence index According to the 

norm, it is the location of the sale, for 

measuring heights of 15 and 32 meters, 

followed by the city of Ixtepec, at 20 and 40 

meters. The campus of the Universidad del 

Istmo is the site with the lowest wind potential 

and the lowest turbulence index. 

 

Station 
Height 
(m) 

Average 
speed (m/s) 

Standard 
deviation 

(m/s) 

Ixtepec 
20 6.24 3.51 

40 7.33 4.02 

La Venta 
15 9.58 5.45 

32 10.769 5.865 

UNISTMO 10 2.85 2.06 

 
Table 3 Wind statistics of the three measurement sites 

Source: Self Made 

 

The results corresponding to the form 

factor k for the methods of Variance, Justus, 

Moments, Least Squares and the commercial 

software Windographer and for each one of the 

different measurement heights are shown in 

Tables 4 a) and 4 b). The results of this table 

were calculated from the statistical wind data 

shown in Table 3.  

 
Station Height Variance Justus Moments 

Ixtepec 
20 2.348 1.866 1.853 

40 2.546 1.923 1.91 

La Venta 
15 2.9 1.846 1.833 

32 3.084 1.934 1.922 

UNISTMO 10 1.41 1.42 1.41 

 
Table 4 a). Results obtained for the form factor k 

Source: Self Made 

 

Estación Altura 
Mínimos 

Cuadrados 
Windographer 

Ixtepec 
20 1.559 1.575 

40 1.699 1.769 

La Venta 
15 1.513 1.61 

32 1.625 1.81 

UNISTMO 10 1.43 1.21 

 
Table 4 b). Results obtained for the form factor k  

Source: Self Made 

 

With the corresponding values of the 

form factor k for each method, we proceeded to 

calculate the scale factor c with equations (10), 

(13) and (19), and whose results are shown in 

Tables 5 a) and 5 b). 

 
Station Height Varianza Justus Momentos 

Ixtepec 
20 5.52 5.535 7.023 

40 6.51 6.502 8.267 

La Venta 
15 10.75 10.801 10.798 

32 12.04 12.194 12.147 

UNISTMO 10 1.44 2.61 2.6 

 
Table 5 a). Results obtained for the scale factor c 

Source: Self Made 
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Station Height Least Squares Windographer 

Ixtepec 
20 6.554 6.81 

40 7.044 8.15 

La Venta 
15 10.64 10.53 

32 12.037 12.02 

UNISTMO 10 2.56 3.07 

 
Table 5 b). Results obtained for the scale factor c 

Source: Self Made 

 

From the Weibull cyk parameters, 

shown in Tables 4 a) and 4 b) and Tables 5 a) 

and 5 b), the estimated average speed 

probability density functions are calculated for 

each of the four statistical methods and 

commercial software Windographer. Figures 

3a-b, 4a-b and 5 show the results of the 

probability distributions for the average 

velocity in the anemometric stations located in 

the city of Ixtepec, the town of La Venta and 

the campus of the UNISTMO in Tehuantepec. 

It can be seen that the three sites have very 

favorable conditions for the installation of wind 

turbines. The maximum frequency ranges of the 

average winds for the city of Ixtepec are 

between 7 and 11 m / s, for La Venta they are 

between 12 and 17 m / s and finally, for the 

UNISTMO campus they are between 1 and 5 m 

/ s. To compare the graphical results, the 

criterion of the absolute percentage percentage 

error is used as 

 

      
   

 
(∑(           )

 

   

)            

 

to compare the accuracy of the statistical 

methods used to calculate the Weibull 

parameters. In this equation N is the number of 

observations, p(vi) is the probability of the wind 

speeds calculated from the measurements and 

f(vi) is an estimated value of the probability for 

the wind speed vi. Tables 6 a) and 6 b) show the 

summary of the average absolute percentage 

errors obtained with each of the statistical 

methods analyzed and with the commercial 

software Windographer, and for each of the 

three sites at different heights. 

 

From the results shown in Figures 3a 

and 3b it can be seen that the Moments method 

presented the minimum absolute percentage 

errors with 1.22% and 1.16% for 20 and 32 m 

height, respectively. The percentage errors 

obtained with the methods of Least Squares and 

Windographer turned out to be very similar to 

those of the Moments method.  

 

In contrast, the methods of the Variance 

and Justus were the most inaccurate to adjust 

the wind data. In Figures 3a and 3b it is clearly 

observed that the use of these variance and 

moment methods can overestimate the wind 

potential available in the Isthmus of 

Tehuantepec region. The results of the wind 

distributions for the locality of the Sale in 

Figures 4a and 4b show that the Moments and 

Justus methods were the most accurate, that is, 

they had minimum percentage errors of around 

1.20% for a height of 15 m. 

 

 
a) 

 

b) 

 
Figure 3: Distribution of wind speeds in Cd. Ixtepec. a) 

20 m high, b) 40 m high. 

Source: Self Made 

 

  
a) 

  
b) 

 
Figure 4 Distribution of average wind speeds in the town 

of La Venta. a) 15 m high, b) 32 m high 

Source: Self Made 
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Figure 5 Distribution of wind speeds at the Tehuantepec 

Campus of the UNISTMO at 10 m height 

Source: Self Made 

 

Station Height 
Variance 

(%) 

Justus 

(%) 

Moments 

(%) 

Ixtepec 
20 2.748 2.238 1.222 

40 2.892 2.286 1.163 

La Venta 
15 2.012 1.202 1.199 

32 1.984 1.137 1.140 

UNISTMO 10 6.13 2.666 2.663 

 
Table 6 a) Average absolute percentage error of Weibull 
distributions 

Source: Self Made 

 

Station Height 

Least 

Squares 

(%) 

Windographer 

(%) 

Ixtepec 
20 1.422 1.338 

40 1.733 1.246 

La Venta 
15 1.272 1.263 

32 1.167 1.125 

UNISTMO 10 2.9223 2.500 

 
Table 6 b) Average absolute percentage error of Weibull 

distributions 

Source: Self Made 

 

In Table 7, a summary of the power 

density estimate for the three sites studied is 

shown. The calculation of the power density 

was obtained with the methods of moments and 

least squares since they were the ones that 

reported the minimum percentage absolute 

errors for all the study cases. Additionally, to 

facilitate the comparison of the wind potential 

in the three sites, wind data from La Venta and 

UNISTMO were extrapolated to 20 m and 40 m 

high.  

 

From Table 7 it is possible to observe 

the locality of La Venta where the greatest wind 

potential is available with values in the range of 

1665.743 to 2033.864 W / m2 at a height of 40 

m. Then, in the city of Ixtepec, a wind potential 

was estimated in the range of 308,068 and 

526,678 W / m2 for heights of 20 and 40 m, 

respectively.  

The campus of the UNISTMO in 

Tehuantepec recorded an estimate in the range 

of 47,197 to 65,951 W / m2 for 20 and 40 m in 

height. 

 

Site 
Height 

(m) 

Power 

density (W / 

m2) 

Method 

Ciudad Ixtepec 

20 382.641 Least 

Squares 40 526.678 

20 308.068 
Moments 

40 483.14 

La venta 

20 1,645.25 Least 

Squares 40 2,033.86 

20 1284.36 
Moments 

40 1665.743 

UNISTMO 

Campus 

Tehuantepec 

20 47.197 Least 

Squares 40 48.269 

20 64.478 
Moments 

40 65.941 

 
Table 7 Power density in the 3 sites 

Source: Self Made 

 

In the analysis of the wind resource it is 

essential to determine the distribution of the 

direction of the prevailing winds. In practice, 

the most usual way to represent the distribution 

of the wind direction is the wind rose, which 

indicates the percentage of time in which the 

wind blows from different directions, that is, it 

has the purpose of demonstrating the 

information on the distributions of wind speeds 

and the frequency of variation of the directions 

of the same. In Figures 6 a) and 6 b), the wind 

rose is shown in 16 sectors of the Ixtepec 

station at 20 and 40 meters respectively, in 

which it can be seen that the direction of 

greatest wind potential would be the North (N), 

which corresponds to a speed of 18 m / s up to 

20 m / s, with a frequency of 32%. 

 

 
a) 

 
Figure 6 a) Annual wind rose of Ixtepec at 20 m height 

Source: Self Made 
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b) 

 
Figure 6 b) Annual wind rose of Ixtepec at 40 m height 

Source: Self Made 

 

In Figures 7 a) and 7 b) the wind roses 

of the Sale area at 15 and 32 m high are 

observed. It can be seen that the predominant 

wind direction is in the Northwest direction 

(NNO) with 65% of the wind frequency in the 

range of 0 to 30 m / s. Figure 8, on the other 

hand, shows the wind rose at the Tehuantepec 

Campus of UNISTMO at a height of 10 m. It 

can be seen that the predominant wind 

directions are in the North (N) and Northwest 

(NE). 

 

 
 
Figure 7 a) Compass rose in La Venta at 15 m height 

Source: Self Made 

 

 

 
 
Figure 7 b) Compass rose in La Venta at 32 m height 

 

 
 
Figure 8 Rosa de los vientos at the Tehuantepec Campus 

of the UNISTMO at 10 m height 

Source: Self Made 

 

Conclusions 

 

The Weibull distribution of two parameters, c 

and k, is recognized within the sector of the 

wind industry as the most appropriate model 

and the most widely used for estimating wind 

potential at a given site. The accuracy of the 

estimation depends considerably on the 

calculation of the parameters of c and k. In the 

specialized literature, many methodologies have 

been proposed for the calculation of Weibull 

parameters.  

 

However, these methodologies are only 

valid for certain site-specific conditions and, 

therefore, do not guarantee the accuracy of the 

results. In this investigation, wind resource 

studies were carried out for three sites with high 

wind potential in the region of the Isthmus of 

Tehuantepec, Oaxaca, Mexico. Subsequently, 

the wind data were characterized with four 

statistical methods and a comparative analysis 

was made to determine the most accurate 

methodology to estimate the wind potential in 

each of the locations. 
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From the research carried out, it is 

concluded that the analysis of the wind resource 

in a specific area is essential to evaluate the 

technical and financial feasibility of a wind 

project. To make the analysis of the wind 

resource, measurements of at least one year at 

the site of the site are required. Subsequently, 

the wind resource should be characterized by 

means of statistical methods, in the study site, 

to determine the parameters of Weibull c and k. 

The precise estimation of these parameters is 

very important to determine the income during 

the life of the project.   

 

From the comparisons made, through 

the graphs of distributions of average wind 

speed and the absolute average percentage error 

criterion, it is concluded that with the method of 

moments the minimum absolute percentage 

percentage errors are reached for the estimation 

of the wind resource in the localities of Ixtepec 

and La Venta, respectively, where the greatest 

potential is counted in the region of the Isthmus 

of Tehuantepec. With the Windographer 

software, the minimum absolute percentage 

error in the Tehuantepec Campus of the 

UNISTMO was obtained. In contrast, with the 

Justus method, a good approximation of the 

velocity distributions was obtained in La Venta 

and UNISTMO. In general terms, the methods 

of moments, least squares and Windrographer 

offer good results for the estimation of the wind 

resource in the three sites studied. Finally, the 

variance method registered the highest 

percentage absolute average errors for all the 

study cases and, therefore, it is the most 

imprecise for the calculation of wind potential 

in the region of the Isthmus of Tehuantepec. 
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